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Abstract
We construct partially localized supergravity counterpart solutions to the 1/2
supersymmetric non-threshold and the 1/4 supersymmetric threshold bound
state BI dyons in the D3-brane Dirac-Born-Infeld theory. Such supergravity
solutions have all the parameters of the BI dyons. By applying the IIA/IIB
T -duality transformations to these supergravity solutions, we obtain the su-
pergravity counterpart solutions to 1/2 and 1/4 supersymmetric BIons carry-
ing electric and magnetic charges of the worldvolume U(1) gauge field in the
Dirac-Born-Infeld theory in other dimensions.
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I. INTRODUCTION
In the very weak string coupling limit (gs → 0), the worldvolume theory of a D-brane
is described by the Dirac-Born-Infeld (DBI) action [1–5] in the flat target spacetime with
vanishing form and dilaton fields. Many of solitons in the DBI theory, collectively called
BIons or BI solitons, have been studied, following the initial works in Refs. [6–8]. BIons
can be regarded as the “boundary” counterparts to the “bulk” supergravity solutions in
the bulk/boundary holographic duality relations [9–17]. More precisely, the intersection or
the end (of one brane on the other) of an intersecting “bulk” supergravity brane solution is
interpreted in the “boundary” worldvolume theory as a soliton in the worldvolume theory
[18]. Such intersection or end is the source for the charge carried by the BI soliton [19–21].
In fact, it is observed [6,7] that in the presence of a BIon, which carries electric [magnetic]
charge of the worldvolume U(1) gauge field of the D3-brane DBI action, a flat D3-brane
develops a transverse spike, which can be interpreted as a fundamental string [D-string]
ending on the D3-brane. The Coulomb energy density of such configuration is shown [7] to
match the energy density of the fundamental string or the D-string, supporting such idea.
If the bulk/boundary holographic duality is correct, then all the parameters of the world-
volume theory or soliton have to be mapped one-to-one to the bulk theory counterparts.
Generally, BIons are parameterized by their charges and their locations in the worldvolume
space. Therefore, there have to exist the corresponding localized intersecting supergravity
solutions where at least one brane (interpreted as the BI soliton counterpart) is localized on
the worldvolume of the other (where the BI soliton lives).
There have been many efforts to construct localized intersecting brane solutions [22–36].
But it has been turned out [35,36] that if one works with the most general spacetime metric
Ansatz for completely localized intersecting branes, the resulting equations of motion to be
solved are non-linear coupled differential equations, which do not have the general solution
and are almost impossible to solve. Such equations of motion were solved only perturbatively
in the case of two M2-branes intersecting at a point [36]. If one instead considers the
restricted metric Ansatz, which is of the same form as that of the delocalized intersecting
brane, the consistency of the equations of motion requires one of the branes to be delocalized
on the other [22–24,33]. Even with this simplified metric Ansatz with one brane delocalized
on the other, convenient closed form of solutions are generally not known, but only the
solutions in terms of the infinite series of special functions can be found [24,28]. But when
one goes to the near horizon limit of the delocalized brane, solutions can be expressed in
closed form in terms of simple elementary functions [27,29–32,34]. Although such solutions
are not completely localized and in some cases one has to delocalize (or compactify) some
of the overall transverse directions for the purpose of localizing one brane on the other [34]
(when the two constituent branes meet at the overall transverse space [37]), at this point this
is the only case in which one can have explicit solutions in convenient closed forms. Perhaps,
such partially localized solutions might be useful for studying the holographic relations
in the restricted cases where some of directions of the worldvolume brane configurations
are delocalized. Furthermore, such partially localized supergravity solutions have all the
necessary parameters of the corresponding BI solitons, namely the locations and the charges
of BIons.
In this paper, we construct the partially localized supergravity solutions which are the
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“bulk” counterparts to various BI solitons in theD3-brane DBI theory. Many of the partially
localized supergravity solutions that are the “bulk” counterparts to the other solitons in the
brane worldvolumes are already presented in Ref. [34]. For example, first of all for the solitons
in M-brane worldvolume, the self-dual string [8] charged under the self-dual 3-form field
strength in the M5-brane worldvolume corresponds to the intersecting M2- and M5-branes
where the M2-brane is localized at the M5-brane worldvolume. The 3-brane soliton [38] in
theM5-brane worldvolume corresponds to the intersecting twoM5-branes where one of them
is localized on the other. The neutral (with respect to the self-dual 3-form field strength)
string in the M5-brane worldvolume [39] corresponds to the M-wave localized in the M5-
brane worldvolume. The zero-brane (charged with respect to the Hodge-dual of a transverse
scalar) in the M2-brane worldvolume corresponds to the intersecting two M2-branes where
one of them is localized on the other. Similarly, the partially localized intersecting branes
in ten dimensions that are presented in Ref. [34] can also be interpreted as the “bulk”
counterparts to the solitons in the ten-dimensional brane worldvolumes. For example, the
supergravity solution for D0-brane localized at the D4-brane is the “bulk” counterpart to
the BI instanton in the worldvolume theory of the D4-brane [40–42], which is the double
dimensional reduction of the neutral string in the M5-brane worldvolume. The 0-brane [2-
brane] soliton on the NS5-brane worldvolume corresponds to the supergravity solution for
D1-brane [D3-brane] localized at the NS5-brane. The 3-brane soliton on the NS5-brane
worldvolume corresponds to the intersecting two NS5-branes where one of them is localized
on the other. The solitons on the worldvolume of the Kaluza-Klein (KK) monopole are those
on the worldvolume of the NS5-brane related through the IIA/IIB T -duality [43], e.g. the
0-brane [3-brane] soliton on the KK monopole worldvolume corresponds to the supergravity
solution for the D2-brane [NS5-brane] localized on the KK monopole. Furthermore, the
structure of worldvolume supersymmetry algebra dictates the existence of such worldvolume
solitons (charged under the central charges of the algebra) and the possible intersection rules
among the spacetime branes [41].
The paper is organized as follows. In section 2, we survey various BI solitons in the
D3-brane DBI theory. In section 3, we construct the corresponding supergravity solutions
and their IIA/IIB T -duality transformed solutions.
II. SOLITONS IN THE DIRAC-BORN-INFELD THEORY
In this section, we summarize the previous works on solitons in the Dirac-Born-Infeld
theory, which are relevant to the works in the following sections, for the purpose of com-
pleteness and fixing the notation.
A. Dirac-Born-Infeld Action
In the very weak string coupling limit (gs → 0), a Dp-brane moves in the flat Minkowski
spacetime with trivial field configuration, i.e. constant dilaton and vanishing form fields.
In this limit, a Dp-brane with the worldvolume coordinates σµ (µ = 0, 1, ..., p) moving in
a (d + 1)-dimensional target space with the coordinates zM = (xµ, ym) (M = 0, 1, ..., d;
µ = 0, 1, ..., p, m = p+ 1, ..., d) is described by the DBI action:
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SDBI = −
∫
dp+1σ
√
−det(ηMN∂µzM∂νzN + Fµν), (1)
where ηMN is the metric for the Minkowskian target space and Fµν = ∂µAν − ∂νAµ is the
field strength of the worldvolume U(1) gauge field Aµ.
In the ‘static’ gauge, in which worldvolume coordinates σµ are identified with target
space coordinates as σµ = xµ, the DBI action (1) takes the following form:
SDBI = −
∫
dp+1σ
√
−det(ηµν + ∂µym∂νym + Fµν). (2)
Since the bulk D3-brane configuration is invariant under the SL(2,R) symmetry of the
type-IIB theory, the DBI action for the D3-brane should also have the SL(2,R) symmetry,
as is proven in Refs. [44–52]. In fact, the manifestly SL(2,R) covariant form for the D3-
brane DBI action is constructed [53], which we describe in the following. The worldvolume
U(1) field strength F and its dual field strength G, defined as ∗G = ±2 δSDBI
δF
, transform
as a doublet under the SL(2,R): F → ΛF (F = (F G )T , Λ ∈ SL(2,R)). Furthermore,
the asymptotic values of the dilaton eφ and the axion χ can be identified with an SL(2,R)
doublet complex constants U r (r = 1, 2), constrained by i
2
ǫrsU
rU¯s = 1, as U2/U1 = χ∞ +
ie−φ∞ . Here, U transforms under the SL(2,R) as UT → UTΛ−1. Recall that the scalars eφ
and χ of the type-IIB theory form the coset SL(2,R)/SO(2). This coset is obtained from
the complex SL(2,R) doublet U r by gauging the U(1) ∼= SO(2) which acts as U r → eiϑU r.
The combination F = UTF is SL(2,R) invariant. The SL(2,R) covariant form of the DBI
action is expressed in terms of this SL(2,R) invariant F and the 4-form field strength H as
SD3 =
∫
d4xλ
√−g
[
1 +
1
2
F · F¯ − 1
16
(F · ∗ F)(F¯ · ∗ F¯) + 1
4
H ·H
]
, (3)
where λ is a Lagrange multiplier and g is the determinant of the worldvolume metric. This
action is supplemented with the following self-duality relation
i
2
(∗H) ∗F = F − 1
4
(F · ∗ F)(F¯ · ∗ F¯) ∗F¯ . (4)
This relation reduces the number of independent charges of F and G to two, which can
be identified as charges whose sources are ends of fundamental string and D-string on the
D3-brane.
B. BI Solitons
In this subsection, we survey various solitons in the DBI theory whose corresponding
and duality related supergravity solutions we will construct in the following section.
By applying the SL(2,R) transformation, one can bring arbitrary constants U r to U1 = 1
and U2 = i, corresponding to the asymptotic values eφ∞ = 1 and χ∞ = 0 for the type-IIB
theory scalars. Note, this choice of the constants U i is preserved by the U(1) subgroup
transformation discussed in the previous subsection, just like the SO(2) ⊂ SL(2,R) trans-
formation leaves the scalar asymptotic values eφ∞ = 1 and χ∞ = 0 intact. With this choice,
the complex U(1) field strength takes the form F = F + iG.
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In this case, a general solution, which preserves 1/4 of the worldvolume supersymmetry,
has the following form [6–8,42,54,55]:
D = ∇
Nq∑
i=1
qi
|r− xi| , X =
Nq∑
i=1
qi
|r− xi| ,
B = ∇
Np∑
i=1
pi
|r− yi| , Y =
Np∑
i=1
pi
|r− yi| , (5)
where X and Y are scalars describing target space coordinates perpendicular to the world-
volume, and r = (σ1, σ2, σ3) is the spatial worldvolume coordinates. Here, D is the canonical
momentum conjugate to A = (Ai), i.e. the electric induction, and B is the magnetic in-
duction (Bi =
1
2
ǫijkFjk). The solution describes electric and magnetic BIons located at
different points in the worldvolume. The bulk interpretation of this solution is that funda-
mental strings stretching in the X-direction end on the D3-brane at xi and D-strings in the
Y -direction end at yi. The parameters qi and pi are respectively related to charges of the
fundamental strings and D-strings.
A special case of this general solution which is also BPS is the case when N := Nq = Np
and xi = yi. Such a solution describes N BI dyons with charges (qi, pi) located at xi. The
bulk interpretation is N dyonic strings, each with the NS-NS and the R-R two-form potential
charges related to (qi, pi), ending at the points r = xi in the D3-brane worldvolume and
stretched in the directions qieˆX + pieˆY . Here, eˆX and eˆY are respectively the unit vectors in
the X- and Y -directions. In this case, 1/4 of spacetime supersymmetry is preserved. The
particular case in which both electric and magnetic BIons have two centers is interpreted as
the string junction [56]. This can be seen by studying the solution in the three asymptotic
regions near the two centers (r→ x1 and r→ x2) of the BIons and far way from the BIons
(|r| → ∞). The angles between strings in the string junction are determined by the charges
q1, q2, p1 and p2 of the BIons, and are consistent with charge conservation and tension
balance, necessary for the existence of the static BPS string junction configuration [57–59].
The BI soliton that corresponds to the 1/2 BPS type-IIB dyonic string of Schwarz [45]
can be similarly constructed [55]. One starts with the special case of the general solution
(5) in which pi = 0 and only one of qi is non-zero, say q1 = q∆
1/2
(m,n) and x1 = r0. Here,
we redefined the charge with an arbitrary multiplicative constant ∆(m,n) for the purpose of
charge quantization after the SL(2,R) transformation. This corresponds to a fundamental
string ending on D3-brane. In order to get the BI dyon with electric and magnetic charges
(mq, nq) and an arbitrary scalar asymptotic value τ∞ = χ∞+ie
−φ∞ , one applies the SL(2,R)
transformation with the following matrix:
Γ =
(
e−
φ∞
2 χ∞e
φ∞
2
0 e
φ∞
2
)(
cosα − sinα
sinα cosα
)
, (6)
with the SO(2) rotation angle α constrained to satisfy:
cosα = e
φ∞
2 (m− nχ∞)∆−
1
2
(m,n), sinα = e
−
φ∞
2 n∆
−
1
2
(m,n); m,n ∈ Z, (7)
which fix the expression for ∆(m,n) as:
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∆(m,n) = n
2e−φ∞ + (nχ∞ −m)2eφ∞ . (8)
The resulting dyonic solution has the following form:
D = ∇ mq|r− r0| , B = ∇
nq
|r− r0| , X =
∆
1/2
(m,n)q
|r− r0| . (9)
This solution is interpreted as the Schwarz dyonic string [45] with the charges related to
(mq, nq) and stretching in the X-direction ending on D3-brane.
III. SUPERGRAVITY SOLUTIONS
In this section, we construct the partially localized supergravity solution counterparts to
the BI solitons in the D3-brane worldvolume discussed in the previous section.
A. Type-IIB Supergravity and the SL(2,R) Symmetry
In this subsection, we summarize the bosonic effective supergravity action for the type-
IIB superstring and its SL(2,R) symmetry for the completeness and for the purpose of
fixing the notation.
The bosonic part of the low energy effective supergravity theory for the type IIB string
theory is described by the massless bosonic string modes. These are the graviton GstrMN , the
2-form potential B
(1)
MN and the dilaton φ in the NS-NS sector, and the axionic scalar χ, the
2-form potential B
(2)
MN and the 4-form potential DMNPQ in the R-R sector. In the string
frame, the bosonic part of the effective supergravity action has the following form [60]:
SstrIIB =
1
2
∫
d10x
√
−Gstr
[
e−2φ
{
−Rstr + 4(∂φ)2 − 3
4
(H(1))2
}
−1
2
(∂χ)2 − 3
4
(H(2) − χH(1))2 − 5
6
F 2 − 1
96
√−Gstr ǫ
ijǫDH(i)H(j)
]
, (10)
where H(i) = ∂B(i) (i = 1, 2) and F = ∂D + 3
4
ǫijB(i)B(j) are respectively the field strengths
of the potentials B(i) and D.
The SL(2,R) symmetry [61,62] of the type-IIB theory is manifest explicitly in the effec-
tive action in the Einstein frame. By applying the Weyl-scaling transformation of spacetime
metric, GMN = e
−
1
2
φGstrMN , one can bring the action (10) to the following Einstein frame
form [60]:
SEIIB =
1
2
∫
d10x
√−G
[
−R+ 1
4
Tr(∂MM∂MM)− 3
4
H(i)MijH(j)
−5
6
F 2 − 1
96
√−Gǫ
ijǫDH(i)H(j)
]
, (11)
where an SL(2,R) invariant matrixM formed by the scalar λ ≡ χ+ ie−φ has the following
form:
6
M = eφ
( |λ|2 χ
χ 1
)
. (12)
The Einstein frame action (11) is invariant under the following SL(2,R) transformation:
(
B(1)
B(2)
)
→ (ΛT )−1
(
B(1)
B(2)
)
, M→ ΛMΛT ; Λ ∈ SL(2,R), (13)
with the metric GMN and the 4-form potential D remaining intact.
B. Supergravity Solution for the Non-Threshold Bound State BI Dyon
To construct the supergravity counterpart solution to the 1/2 supersymmetric BI dyon
solution in Eq. (9), we start with the following partially localized supergravity solution for
the fundamental string ending on 1 D3-brane [34]:
GstrMNdx
MdxN = −H−1F H−
1
2
3 dt
2 +H
−
1
2
3 (dx
2
1 + dx
2
2 + dx
2
3) +H
−1
F H
1
2
3 dy
2
+H
1
2
3 (dz
2
1 + · · ·+ dz25),
eφ = H
−
1
2
F , B
(1)
ty = H
−1
F , Dtx1x2x3 = H
−1
3 , (14)
where the harmonic functions HF and H3 respectively associated with the fundamental
string and the D3-brane are given by 2
HF = 1 +
QF
[|~x− ~x0|2 + 4Q3|~z − ~z0|]3 , H3 =
Q3
|~z − ~z0| . (16)
1Strictly speaking, the following solution corresponds to the fundamental string “piercing through”
D3-brane, rather than ending on D3-brane. But at this point, this solution is the closest super-
gravity solution that we have.
2The coupled differential equations that these harmonic functions satisfy have the δ-function
source terms, which correspond to the (microscopic brane) sources to the brane charges. Namely,
strictly speaking the coupled differential equations, given in Ref. [34], that the harmonic functions
HF and H3 satisfy have to be of the following forms:
∂2~zHF +H3∂
2
~xHF = qF δ(~x− ~x0)δ(~z − ~z0), ∂2~zH3 =
q3
Vy
δ(~z − ~z0), (15)
where q3 and qF are respectively charges of the fundamental string and the D3-brane and Vy is
the volume of the delocalized y space. Similarly, the differential equations in Eq. (33) have to be
modified by the δ-function source terms. Although the partially localized supergravity solutions
presented in this paper are valid only in the near-horizon region of one of the constituents, one can
still define charges of the constituent branes through the Gauss law by doing volume integrals over
the spaces that contain the δ-function singularities of the brane charge sources.
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Note, in the above two overall transverse directions are delocalized (i.e. ~z and ~z0 in the above
harmonic functions are 3-vectors) so that the fundamental string can be localized along the
worldvolume directions of the D3-brane.
In the Einstein-frame, in which the SL(2,R) symmetry is explicitly manifest in the
type-IIB supergravity action, the spacetime metric takes the following form:
GMNdx
MdxN = e−
1
2
φGstrMNdx
MdxN
= −H−
3
4
F H
−
1
2
3 dt
2 +H
1
4
FH
−
1
2
3 (dx
2
1 + dx
2
2 + dx
2
3) +H
−
3
4
F H
1
2
3 dy
2
+H
1
4
FH
1
2
3 (dz
2
1 + · · ·+ dz25). (17)
In order to construct the supergravity solution corresponding to the 1/2 BPS BI dyon,
we apply the SL(2,R) S-duality transformation of the type-IIB supergravity. We follow
the prescription discussed in Ref. [45]. Before one applies the SL(2,R) transformation
(13) to the supergravity solution (14) for the fundamental string ending on the D3-brane,
one has to first modify the charge QF of the fundamental string by multiplying it with an
arbitrary constant, i.e. QF → Q(q1,q2) ≡ ∆
1
2
(q1,q2)
QF , for the purpose of recovering the charge
quantization condition [63–69] after the SL(2,R) transformation.
We choose the following SL(2,R) matrix for the transformations:
Λ = Λ1Λ2 =
(
e−φ∞/2 χ∞e
φ∞/2
0 eφ∞/2
)(
cosα − sinα
sinα cosα
)
=
(
e−φ∞ cosα + χ∞ sinα −e−φ∞ sinα + χ∞ cosα
sinα cosα
)
eφ∞/2. (18)
The transformation by an SO(2) matrix Λ2, which is the most general SL(2,R) matrix that
preserves the asymptotic valueM∞ = I (or λ∞ = i) of the scalar matrixM, on the solution
(14) results in the supergravity solution for a non-threshold bound state of the fundamental
string and the D-string ending on the D3-brane with the asymptotic value M∞ = I of the
scalar M. The subsequent transformation on the transformed solution by the matrix Λ1
leads to the solution with an arbitrary asymptotic valueM∞ (or λ∞ = χ∞+ ie−φ∞) for the
scalar fields.
By demanding that the SL(2,R) transformed charges Q(1) and Q(2) for the fundamental
string and the D-string to be quantized, i.e.
Q(1) = (e−
φ∞
2 cosα + χ∞e
φ∞
2 sinα)∆
1/2
(q1,q2)
QF =: q1QF ,
Q(2) = e
φ∞
2 sinα∆
1/2
(q1,q2)
QF =: q2QF , (19)
for any integers q1 and q2, one fixes the SO(2) rotation angle α to be
cosα = e
φ∞
2 (q1 − q2χ∞)∆−
1
2
(q1,q2)
sinα = e−
φ∞
2 q2∆
−
1
2
(q1,q2)

 ⇔ eiα = eφ∞2 (q1 − q2λ¯∞)∆−
1
2
(q1,q2)
; q1, q2 ∈ Z. (20)
From this, one determines the expression for the arbitrary constant ∆(q1,q2) to be
∆(q1,q2) ≡ eφ∞(q1 − q2χ∞)2 + e−φ∞q22 = ( q1 q2 )M−1∞
(
q1
q2
)
. (21)
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The SL(2,R) transformed charges (Q(1), Q(2)) = (q1QF , q2QF ) of the fundamental string
and the D-string satisfy the charge quantization condition.
The final form of the SL(2,R) transformed solution in the Einstein frame describing
the non-threshold bound state of the fundamental string and the D-string ending on the
D3-brane with arbitrary asymptotic values for the scalars is as follows:
GMNdx
MdxN = −H−
3
4
(q1,q2)
H
−
1
2
3 dt
2 +H
1
4
(q1,q2)
H
−
1
2
3 (dx
2
1 + dx
2
2 + dx
2
3) +H
−
3
4
(q1,q2)
H
1
2
3 dy
2
+H
1
4
(q1,q2)
H
1
2
3 (dz
2
1 + · · ·+ dz25),
λ =
q1χ∞ − q2|λ∞|2 + iq1e−φ∞H
1
2
(q1,q2)
q1 − q2χ∞ + iq2e−φ∞H
1
2
(q1,q2)
,
(
B
(1)
ty
B
(2)
ty
)
=M−1
∞
(
q1
q2
)
∆
−1/2
(q1,q2)
H−1(q1,q2), Dtx1x2x3 = H
−1
3 . (22)
From the above expression for λ, one has the following forms for the axion χ and the dilaton
eφ:
χ =
eφ∞χ∞∆(q1,q2) + q1q2(H(q1,q2) − 1)
q22H(q1,q2) + e
2φ∞(q1 − q2χ∞)2 ,
e−φ =
∆(q1,q2)H
1/2
(q1,q2)
q22H(q1,q2) + e
2φ∞(q1 − q2χ∞)2 =: e
−φ∞H¯−1(q1,q2)H
1/2
(q1,q2)
, (23)
where
H¯(q1,q2) =
e−φ∞q22H(q1,q2) + e
φ∞(q1 − q2χ∞)2
∆(q1,q2)
. (24)
Here, the harmonic functions, which describe the non-threshold bound state of the funda-
mental string and the D-string localized on the worldvolume of the D3-brane, are given
by
H(q1,q2) = 1 +
Q(q1,q2)
[|~x− ~x0|2 + 4Q3|~z − ~z0|]3 ,
H¯(q1,q2) = 1 +
e−φ∞q22∆
−1
(q1,q2)
Q(q1,q2)
[|~x− ~x0|2 + 4Q3|~z − ~z0|]3 ,
H3 =
Q3
|~z − ~z0| , (25)
where Q(q1,q2) = ∆
1/2
(q1,q2)
QF .
Note, this solution has all the parameters of the 1/2 BPS BI dyon, namely ~x0 that
is related to the location of the BI dyon in the D3-brane worldvolume and (q1, q2) that
are related to the electric and the magnetic charges of the BI dyon. Note also that the
parameter q∆(m,n) in the expression for X in Eq. (9) is related to Q(q1,q2) in the above
harmonic function H(q1,q2) for the (q1QF , q2QF )-string. This is related to the fact that the
magnitude of the scalar charge (of the scalar X in Eq. (9)) can be identified with the tension
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of the attached string, i.e. the above (q1QF , q2QF )-string. The direction along which the
(q1QF , q2QF )-string stretches is the direction associated with the worldvolume scalar X .
By applying the IIA/IIB T -duality transformations on the solution (22) along the over-
all transverse directions zi, one obtains partially localized supergravity solutions that corre-
spond to new class of non-threshold bound state BI solitons. Before one applies the T -duality
transformations, one has to first delocalize the solution along those directions, i.e. one has
to compactify the T -dualized directions on circles. Note, however that two of the overall
transverse directions of the solution (22) are already delocalized for the purpose of localizing
the string on the worldvolume of the D3-brane. The resulting supergravity solution has the
following form:
GMNdx
MdxN = e
n+2
8
φ∞H¯
n+2
8
1+nH
1
4
1 H
n−4
8
3+n
[
−H−11 dt2 + dx21 + dx22 + dx23
+e−φ∞H¯−11+n(du
2
1 + · · ·+ du2n) +H−11 H3+ndy2
+H3+n(dz
2
1 + · · ·+ dz24−n)
]
,
eφ = e
2−n
4
φ∞H¯
2−n
4
1+nH
−
1
2
1 H
−
n
4
3+n, (26)
where in the case of n = 1, 2 the harmonic functions are given by
H1 = 1 +
Q(q1,q2)
[|~x− ~x0|2 + 4Q3|~z − ~z0|]3 ,
H¯1+n = 1 +
e−φ∞q22∆
−1
(q1,q2)
Q(q1,q2)
[|~x− ~x0|2 + 4Q3|~z − ~z0|]3 ,
H3+n =
Q3
|~z − ~z0| . (27)
The solution describes the non-threshold bound state of the fundamental string (with the
longitudinal coordinate y and the associated harmonic function H1) and the D(1+n)-brane
(with the longitudinal coordinates (y, u1, ..., un) and the associated harmonic function H¯1+n)
ending on the D(3 + n)-brane (with the longitudinal coordinates (x1, x2, x3, u1, ..., un) and
the associated harmonic function H3+n).
From this solution, one can see the existence of the 1/2 BPS non-threshold bound state
of an electric BIon and a magnetic BIon under the worldvolume U(1) gauge field of the
(3 + n)-dimensional DBI theory. Such magnetic BIon is related to the self-dual string [8] in
the worldvolume of theM5-brane through the dimensional reduction (along the worldvolume
direction transverse to the self-dual string) and the IIA/IIB T -dualities (in the transverse
directions). Also, the electric BIon has the same origin in the M5-brane worldvolume: for
this case, the longitudinal direction of the self-dual string is compactified. One can think
of such non-threshold bound states of the electric and magnetic BIons in the D(3 + n)-
brane worldvolume as being originated from the self-dual string soliton in the M5-brane
worldvolume wrapped around a “tilted” circle (at angle with respect to the longitudinal and
a transverse direction) [70,8], followed by the IIA/IIB T -duality transformations.
In the string frame, the above solution (26) takes more recognizable form. After re-
defining the scalar asymptotic values such that the resulting spacetime metric in the string
frame is asymptotically flat and then applying the Weyl-rescale transformation of the metric
GstrMN = e
φ/2GMN , one obtains the following string frame form of the spacetime metric:
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GstrMNdx
MdxN = −H−11 H¯
1
2
1+nH
−
1
2
3+ndt
2 + H¯
1
2
1+nH
−
1
2
3+n(dx
2
1 + dx
2
2 + dx
2
3)
+H¯
−
1
2
1+nH
−
1
2
3+n(du
2
1 + · · ·+ du2n) +H−11 H¯
1
2
1+nH
1
2
3+ndy
2
+H¯
1
2
1+nH
1
2
3+n(dz
2
1 + · · ·+ dz24−n). (28)
C. Supergravity Solution for the Threshold Bound State BI Dyon
The “bulk” spacetime configuration counterpart to the threshold bound state of electric
BIons and magnetic BIons is the orthogonal fundamental and D strings ending on D3-brane
with the following configuration:
D3 : 1 2 3 − − − − − −
D1 : − − − 4 − − − − −
F1 : − − − − 5 − − − −
(29)
In the string frame, such configuration is described by the following supergravity solution,
which is the “bulk” counterpart to the general BI dyon in Eq. (5):
GstrMNdx
MdxN = −H−1F H−
1
2
1 H
−
1
2
3 dt
2 +H
1
2
1 H
−
1
2
3 (dx
2
1 + dx
2
2 + dx
2
3) +H
−
1
2
1 H
1
2
3 du
2
+H−1F H
1
2
1 H
1
2
3 dy
2 +H
1
2
1 H
1
2
3 (dz
2
1 + · · ·+ dz24),
eφ = H
−
1
2
F H
1
2
1 , B
(1)
ty = H
−1
F , B
(2)
tu = H
−1
1 , Dtx1x2x3 = H
−1
3 , (30)
where the harmonic functions satisfy the following coupled differential equations:
∂2~zHF +H3∂
2
~xHF +H1∂
2
uHF = 0,
∂2~zH1 +H3∂
2
~xH1 +HF∂
2
yH3 = 0,
∂2~zH3 +H1∂
2
uH3 +HF∂
2
yH3 = 0, (31)
along with the constraints
∂uHF∂yHp = 0, ∂yH3∂~xHF = 0, ∂uH3∂~xH1 = 0. (32)
The constraints (32) can be satisfied when the solution (30) is delocalized along y and u
directions. With this choice, the fundamental strings and the D-strings become completely
localized at the D3-brane. In this case, the coupled differential equations (31) satisfied by
the harmonic functions reduce to
∂2~zHF +H3∂
2
~xHF = 0, ∂
2
~zH1 +H3∂
2
~xH1 = 0, ∂
2
~zH3 = 0. (33)
One can solve these coupled differential equations by following the procedure discussed in
Ref. [34]. Since the dimensionality of the overall transverse space is 4, one has to delocalize
one of the overall transverse directions in order for the fundamental string and the D-string
to be localized along the worldvolume directions of the D3-brane. The expressions for the
harmonic functions have the following forms:
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HF = 1 +
NF∑
i=1
QF i
[|~x− ~xF1 i|2 + 4Q3|~z − ~z0|] 32
,
H1 = 1 +
ND∑
i=1
QD i
[|~x− ~xD1 i|2 + 4Q3|~z − ~z0|] 32
,
H3 =
Q3
|~z − ~z0| . (34)
Note, these “localized” harmonic functions contain all the parameters of the electric BIons
and the magnetic BIons in the worldvolume of the D3-brane. Namely, the electric and
magnetic charges qi and pi of the BIons (5) are related to the charges QF i and QD i of the
fundamental strings and the D strings, and the locations xi and yi of the electric BIons and
the magnetic BIons are related to the locations ~xF1 i and ~xD1 i of the fundamental strings
and the D strings in the D3-brane worldvolume directions.
As in the case of the threshold bound state BI dyon solution (5), when NF = ND
and ~xF1 i = ~xD1 i the solution (30) describes the threshold bound state of dyonic strings
with the NS-NS and R-R two-form charges (QF i, QD i) stretched in the QF ieˆy + QD ieˆu
directions. Here, eˆy and eˆu are respectively the unit vectors in the y and u directions. Since
these dyons are at angle with respect to the y and u coordinates, there has to be non-zero
off-diagonal term Gstruy indicating rotation of the dyonic strings in the uy-plane. But the
above supergravity solution lacks such term, because the solution is delocalized along those
directions. Such off-diagonal term is expected to appear in the fully localized solution with
more general metric Ansatz. The particular case in which both of the harmonic functions HF
and H1 have two centers corresponds to the “bulk” spacetime counterpart configuration to
the string junction discussed in the previous section. As a string approaches the D3-brane,
it splits into two strings.
By applying the IIA/IIB T -duality transformations along the overall transverse directions
of the solution (30), one obtains the following supergravity solution for the fundamental
string and the Dp-brane ending on the D(p+ 2)-brane:
GstrMNdx
MdxN = −H−1F H−
1
2
p H
−
1
2
p+2dt
2 +H
−
1
2
p H
−
1
2
p+2(dw
2
1 + · · ·+ dw2p−1)
+H
1
2
p H
−
1
2
p+2(dx
2
1 + dx
2
2 + dx
2
3) +H
−
1
2
p H
1
2
p+2du
2
+H−1F H
1
2
p H
1
2
p+2dy
2 +H
1
2
p H
1
2
p+2(dz
2
1 + · · ·+ dz25−p),
eφ = H
−
1
2
F H
3−p
4
p H
1−p
4
p+2 ,
B
(1)
ty = H
−1
F , Atw1···wp−1u = H
−1
p , Atw1···wp−1x1x2x3 = H
−1
p+2. (35)
In the case of p = 2 (the fundamental string and the D2-brane ending on the D4-brane),
the harmonic functions are given by
HF = 1 +
∑
i
QF i
[|~x− ~xF1 i|2 + 4Q4|~z − ~z0|] 32
,
H2 = 1 +
∑
i
Q2 i
[|~x− ~xD2 i|2 + 4Q4|~z − ~z0|] 32
,
H4 =
Q4
|~z − ~z0| . (36)
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From this supergravity solution, one infers that there should exist the 1/4 BPS threshold
bound state of an electric BIon and a magnetic BIon under the worldvolume U(1) gauge field
of the 4-dimensional DBI theory. This solution is originated from the two intersecting self-
dual strings on theM5-brane worldvolume [39] through the dimensional reduction along the
longitudinal direction of one of the self-dual strings. The corresponding “bulk” spacetime
counterpart configuration is
M5 : 1 2 3 4 5 − − − − −
M2 : − − − 4 − 6 − − − −
M2 : − − − − 5 − 7 − − −
(37)
The two worldvolume self-dual strings are respectively stretched along the 4 and 5 directions
of the M5-brane worldvolume. After compactifying either 4 or 5 on a circle, one obtains the
above ten-dimensional configuration describing the fundamental string and the D2-brane
ending on the D4-brane. The corresponding worldvolume configuration is the threshold
bound state of the (electric) 0-brane and the (magnetic) 1-brane in the D4-brane DBI
theory. The supergravity solution for the fundamental string and the Dp-brane ending on
the D(p + 2)-brane with p > 2, which is related to the configuration (37) through the
dimensional reduction and the IIA/IIB T -dualities, also implies existence of the 1/4 BPS
threshold bound state of electric BIon (0-brane) and a magnetic BIon ((p− 1)-brane) under
the worldvolume U(1) gauge field of the (p+3)-dimensional DBI theory of theD(p+2)-brane.
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